
S O L U T I O N  O F  A M I X E D  B O U N D A R Y - V A L U E  P R O B L E M  

BY T H E  B U B N O V - - G A L E R K I N  M E T H O D  

V. F .  K r a v c h e n k o  a n d  A.  V T o k a r e n k o  UDC 536.24 

A method is proposed of construct ing a sequence of coordinate functions with the aid of R- 
functions [1-3], for  the solution of a mixed boundary-value  problem.  The approximate solu- 
tion to the give n problem is quali tat ively the same as that obtained by the relaxat ion method 
[6]. 

1. We consider  the boundary-value problem 

L u = - - A u + c u = f ,  c < 0 ,  (x, g)E~, 

(k = 1, 2), 

(1) 

( - - ~ -  + g ~ u ) r d k ) =  0 (2) 

0~ I = 0. (3) 
On Irs(~) 

2 

Here ~ is a finite two-dimensional region bounded by a pieeewise-smooth contour F0=~ (F~,) U F~)) ' within 
p 

which the inner normal v~ k) (Fig. 1) is defined almost everywhere. 

According to the Bubnov-Galerkin method, the approximate solution to the boundary-value problem 
(1)-(2) will be represented in the form 

n 

u~ (x, y )=  ~ c,~, (x, y), (4) 

where c i a re  a r b i t r a r y  constants yet  to be de termined and r  a re  coordinate functions, e lements  of the se-  
quence 

[ 

r , ( ' ) ~  

%, % . . . . .  %~ . . . . .  (5) 

which are  a sufficient number of t imes continuously dffferentiable 
within the region ~2 and which sat isfy conditions (2)-(3) at its boundary 
F 0. The other  r equ i rements  usually imposed on a sys tem of coordi-  
nate functions (4) are  also met,  as will become immediately apparent  
a f te r  the system has been constructed by the following method. 

We will show here  the basic steps in construct ing a sequence of 
coordinate functions. 

By the p rocedures  descr ibed  in [1-3], we construct  functions 
Ws(X, y) which sat isfy the conditions: 

% [r~ = 0, (6) 

0%0% rs = 1, (7) 
Fig. 1. General  formulat ion of 
a mixed boundary-value  problem.  
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Fig .  2. C r o s s  sec t ion  of an e l e c t r i c a l  coi l  in the shape  
of a s q u a r e  f r a m e  (a) and s u r f a c e  r e p r e s e n t i n g  the t e m -  
p e r a t u r e  d i s t r ibu t ion  in a s y m m e t r i c a l  coil  e l e m e n t  (b). 

% > 0 ,  (x, y )Co ( s = 0 ,  1, 2). 

We then in t roduce  the l i n e a r  d i f f e ren t i a l  o p e r a t o r  D def ined a s  fol lows:  

Ov , Oo 
Do =aov  + a, -O-fix w a= -~y , 

w h e r e  

(s) 

(9) 

cos ~,fs  + ,~J~ .  , , (Io) 
a o ~  - -  , al~--- - - O o x ;  a s ~  - - ~ o y .  

% + % fi + f~ 

A c c o r d i n g  to condi t ions  (6)-(8), o p e r a t o r  D has  the fol lowing p r o p e r t i e s ;  

Dv [rl(h) ~ av _F, ~kv , (11) 
rx (k) 

Do [r~(a) = O. (12) 

The  coord ina te  funct ions  q~i(x, y) wil l  be  sought  in the f o r m  

(Pi ~--- r "~ toOr (13) 

w h e r e  ~0i, ~1i a r e  a r b i t r a r y  funct ions  in the Class  C~(~). 

L e t  us  c o n s i d e r  the d i f f e ren t i a l  r e l a t i on  

Do == %g,  gCCS(9),  (14) 

which is  def ined ins ide  the r eg ion  ~ and which at  s e g m e n t s  F ~  ), F~ k) of  the bounda ry  b e c o m e s  the r e s p e c -  
t ive  condi t ion (2). 

I n s e r t i n g  e x p r e s s i o n  (13) f o r  ~0 i into (14) y i e l d s  

D (%i) + ~l~Dt~ + tooD~u = toog- (15) 

In the v ic in i ty  of con tour  F 0 

too ]ro = 0 (too), D% [r~ = t + 0 (%), (16) 

and,  t h e r e f o r e ,  (15) b e c o m e s  the condi t ion 

D*o~ -F xPl~ = %g ' ,  g '  E CZ (~2). (17) 

F r o m  h e r e  

~lz =: - -  DxPoi + r (18) 

A f t e r  i n s e r t i n g  ~li f r o m  (18) into (13), we have  

% = ~o~ ~ tooDOPo~ + to~g". (19) 

M o r e o v e r ,  funct ions  (Pi s a t i s fy  the bounda ry  condi t ion (2) exac t ly  wi th  any a r b i t r a r y  funct ions  ~b0i, g" 
C~(~). 

1320 



Next, le t  {Xi]T=~ denote  a s y s t e m  of coord ina te  func t ions  which is  comple te  with r e s p e c t  to r eg ion  ~.  
Le t t ing  g" = 0 and ~b0i - X i in  (19), we obta in  a f ina l  e x p r e s s i o n  for  the e l e m e n t s  ~o i of the sought sequence  
of coord ina te  func t ions :  

% = )~ -- %D,%~. (20) 

The a r b i t r a r y  cons t an t s  c i a r e  d e t e r m i n e d  f r o m  the s y s t e m  of equa t ions  
n 

Z ( L % ,  c ,  %) = . . . ,  n). (21) (Pi) (f, (1 1, 2, 

2. As  an example ,  we wi l l  solve the p r o b l e m  of d e t e r m i n i n g  the s t e a d y - s t a t e  t e m p e r a t u r e  f ield of 
an  e l e c t r i c a l  coi l  wound in  the shape of a s q u a r e  f r a m e  (Fig. 2a). 

The t h e r m a l  conduct iv i ty  of the coil  X is a s s u m e d  cons t an t  and Jou le  heat  is  g e n e r a t e d  in the coil  
a c c o r d i n g  to the r e l a t i o n  

q = qo(1 + %u), (22) 

where  q0 deno tes  the quan t i ty  of heat  g e n e r a t e d  at  a f ixed t e m p e r a t u r e  u0 and a 0 is  the t e m p e r a t u r e  coeff i -  
c ien t .  The ou t e r  s u r f a c e  s t and the i n n e r  su r f a c e  s 2 of the coi l  t r a n s f e r  heat  to the a m b i e n t  m e d i u m  a c -  
c o r d i n g  to Newton ' s  law: 

On~ " + al~ ( u - -  uk) == 0 (k = 1, 2). (23) 
s k 

Here  a k is  the heat  t r a n s f e r  coef f ic ien t  for  the r e s p e c t i v e  su r f a c e  Sk, u k is  the a m b i e n t  t e m p e r a t u r e  at 
su r f ace  s k, and n k is  the d i r e c t i o n  of the ou t e r  n o r m a l  to s k. 

A s s u m i n g  ~ = 1.488 k e a l A n . h - ~  q0 = 768.96 k c a l / h . m  3. ~ o~ 2 = 4 a  1, a 0 = 0.0036/~ and u 0 
= 0~ we a r e  now to d e t e r m i n e  the t e m p e r a t u r e  f ie ld  of the coi l  with the d i m e n s i o n s  b 1 = 5.08 cm and b 2 
= 1/2b~. 

The s t e a d y - s t a t e  t e m p e r a t u r e  d i s t r i b u t i o n  in  a s y m m e t r i c a l  s ec t ion  e l e m e n t  of the coil  (Fig. 2a) 
s a t i s f i e s  the d i f f e r en t i a l  equat ion  

with the b o u n d a r y  cond i t ions  

3. 

where  

Lu == - -  h u  + cu = f, f == q__Lo c = - - % f  ~, ' 

_ _  ( ~ k  

Ou ]r = 0 .  

Unde r  cond i t ions  of ou r  p r o b l e m ,  func t ions  Ws(X, y) b e c o m e  

0)~ = f~ + f ~ -  l / f ~  + ~ .  

0)o --  g 1 +  g ~ -  V g~, + . ~ - 1 62  

2 0)0 - -  0)I "~ 0)2 - -  V ~1 ' 0 ) 2 '  

(24) 

(25) 

(26) 

[ t  = g - -  b--L ; f~ --= b z - -  g ,  (27)  
2 

gl = g -  x, & := x. (28) 

Us ing  the p r o p e r t i e s  of func t ions  Ws(X , y), we can  e a s i l y  c o n s t r u c t  funct ion  ~b(x, y) s a t i s fy ing  condi t ions  
(2'). F u n c t i o n  ~b(x, y) wil l  be  e x p r e s s e d  as  

~= (000)2 . hi_f2 § h J ,  . (29) 

Le t  u = u-~. Then funct ion  fi s a t i s f i e s  the d i f f e r en t i a l  equa t ion  

L~ := - -  A~ + c6 = [z, fz =: A~ - -  c@ + f  
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and the homogeneous boundary conditions 

O~ ] = 0 .  
Onh [r,(k) 

Formula  (4) r e p r e s e n t s  an approximate  solution to the boundary-va lue  p rob lem (1")-(3"). 
of our  p r o b l e m ,  the coordinate functions ~oi(x, y) a re  

where 

Under conditions 

(3o) 

{~,}~" = {1, x, y, x', xu, ~ . . . .  };  (31) 

The a r b i t r a r y  constants  a r e  de te rmined  f rom the sy s t em of Eqs.  (20). 

Calculat ions were  made on a "Ura l -2"  computer  for  i = 6 and the following values were  obtained for  
the coefficients:  c 1 = 147.8093; c 2 = -1202.2411; c 3 = -120.2417; c 4 = 25,701.951; c s = 22,203.284, c.e 
= 15,701.951. 

The surface  shown in Fig.  2b r e p r e s e n t s  the s t eady-s t a t e  t empe ra tu r e  field of a s y m m e t r i c a l  coil 
e lement .  

This  approx imate  solution (1) to the boundary-va lue  p rob lem (1')- (2') obtained by the B u b n o v - G a l e r -  
kin method is  qual i tat ively the same  as the solution obtained in [6] by the re laxat ion method. 
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